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1. Laplace Trasform (8 Points)
Let a > 0. Solve the following initial value problem using the Laplace transform.
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FF‘Q ((UU\ZQ/\.

°Qn bzw b, Saqef s

wie ul‘e,l @) (& )(‘ bew, Sm('z_",)
5 Wacbel konn nL posies uod
ist_proporkal 2ue TLFaciumz

o Um zh wisen wiekd coious

bew. sious i pocere Fankbion
ugrLomvrl' bonpen ot Stalog—
peoduké uuwerdlen,

| e Besmskler [ Pocqlehe AT
S {60199 A mammo\ (L+> 5 in f e si[2Z <) huglitde bel S
Goen. qiot-en et &
Docrolies b 1 de Togldie, vorkommt
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- ldee: ﬁzhfbl% Pesiodishe S Soq(e. aus <doun  dskrdlen chiumzsp{,LJrr‘uM Supes PoNies UL

Y

- A

bodk bod | o S

/T 3/T 5/T

A&fﬁ’ﬁﬁ"x)d A) Qisnate_ aoal\/sic:e_;\, > bedtmmen, welde Trequpmcer 0 280eds S@n(-
/ orkommen, g diese sl 24 vedfiuesen (Z.B Ec‘uq@a&)
2) Quankemechaot ~o Teldun ih io ane Superposlon e seqesnambn. ‘€l
3) Postiele D#Um@a%‘.zﬁ)\,ul\sm lBsar
2.3A Dicicdek-Theorere "
L muse aber aidd sabed S{-étj sem . dedoch keqves S(QSL Fourltr o _asnem

Gruaozr* o Qe %Ld;o‘ Leow A zureC:

Def. | 6 = 2 ([ () - g, L0
232 \/e.rg_»&cg m‘%“ uodl uacdfﬁmsm se
OcthoopmlitStstelatinen

el

X 4 ” K Lz._
Folls 1y gepapies| || Fally fi) oy @) [ () m(z)an-{ 238500
| b“’ L O . %:q“:o -L L (s u/ N=0y=0
A . L o (ﬂ - O ) m#A
Def. |- - /‘Z f Lo ax o by= f—f ,[’a)sm(‘lZ—‘x) dd = {® J_f“‘( 7 ‘)S’o z ")J ’{4 , A=m#0
o 0
< & nx x
e Ou = _ZL__I,][\(X).COS(%)Q&X ©) /_‘cos <T x) s (rzx) d~ =0
Widdige. Eigensrollen sin(ox) =0, cos (<) = (A"
. K@L('Q_Z_C_’P% . 8 Appendix

Gweadm, p(x) mil Pesicde P Cxu.(l ‘Dep'n;ér'ou becerda (—% , E) -
A) Besbane L« 2 =p—f =B
9') \C Sm&z'/unjm‘&‘b T U«dn@z&u des Foucies- Sesie. Uettoedri — =
3) Becedine O, C\“,bﬁ_ >Tp: ““(:%E;Panﬁ'hloeﬂml aﬁd—,é\‘@ dgaicberien BT A b

odlasr ( coli
Q) shelle Loy als Foomio -Eade g0 I e
g3 T?‘fsomhd-rl&kz (denttaten

ek,
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Consider the function f(x) = |sin (é) | /() BQ@HMM& L : P-’-‘—/Z/x = 'yL = /L'—'p‘

a) Show that it is periodic of period 27,
2) Greode JUngesade: flox)- lsin (2) =] s (2)] -lsn(2)}- foy-
b) Compute its Fourier series. b L/ f\jﬂw\e ‘0( X) |S (z), l Sl\'l(z” 'S“’(’L)I ‘QX) j&fdk
¢) Use the previous result to find the following numerical series '3) M(Umé{’\/ bZDHMmﬂ\/‘ QG, q‘-\ }bﬂ/
IZ:-lu J— - .L"\—: O
J = lsn @)l =
) o xeto+] L A z 2

° QO‘Z j \ o\\( = JJ Sh(")d& = Y Iw— 2- cos (z)]o = ;

——J\ c(x)cos & x I~ = —J sm “’(>db< -EJ Sm(zx) cos(oX>d)<

erﬁ\uwu/z/x S (sn (L N)x) . S\O((?,)rf\a) ) =.——L ot (%—n )x) CGS((':{H\.\KU

4

Fe RS
1 A%
L TL f *AAA A LK s
N x 4 tn x %ﬂ\m % A-4qt

Y Lixy als Fousier - Rele dorskelfen
ﬁ(x) = Qo f“m@’s(ﬂ"5=—?’:—i ?A—CQS(«O

% qat-A
w4
c) )<<So qux\-, aass  w(c aknliche Fom echafbn e f aia = COS(D)Q:/( = *0, Rl
| 2 _4& =5 4
e wallen x=0: ‘F(G) = 'S(Q(%)) =0~ — < B >z ZA fn*-a
zZ_s54
b 4 ] % a= q'f\z‘/(
> A 2

G4 T 2y

>
\
N

235 H)‘é—%%c—Egggm[m

Eioe Fuckkion, die ur auf aivere biS(‘z(\z}z\\— Inkecoall de@uiect b, fasét sich pesiodicde ouf elnen Sc&sscm,
lobesw|  etwerkery. Ulideeswesse sd des begrenzle ludervoll ols halhe Perods defr meck

copy-paste avan odd

(x fir + 20 fial
¢ vS)
4]

2 X

&,

| . 7
L

L-) g’p(e fﬁ‘\ 87 MM(:‘-(‘\&}A ( 7/ - ,40&6&) b u,mtfsyh ;«oe‘ﬁ'&J/v ( dmpru@

~A

PVK Seite 14



3&14\0\ vor dar corvalen Foucies Rele : (\(v)-o°+ZE¢Cc>s(——< +b sw@z )]

kooa mon die g(y_._wj_‘a_ komplexe Fous (e Rere leclesben, indeie man die  Luleo-Bez! erW\a cos(x)=
UQTu)n_f\&&Q:
I:uf 20 2L- 'Pzrbdl‘& dbu- 1"\)(\‘(‘1'04_ [s'é dlft_ ‘ov‘@(l..u F_wu Relhs aeadu,g\g-.

~iX

stf\ (&)— "=

l’:t\. -
(RO

DQ‘('\' ﬁ(x) Z Cn' = = C"*,,Z@C'\e
a¥ 9

2

2 i e A [P o [ fooan

n=-o=

D ceals vl kompeve TFourer falie  enalen die agoa 5\@% lformationen jod moa
ko die Koclizioder  arnfoda wmcedinen:

D(-(. 0= Co j Q= Co+ Cop b= (c.g <)

* e 4 (an-b) G A (acrba)

d%d

A) Bestme L+ Zh= P=2¥ = L-x
2) Beshmme Koeliziealien):

5

X [ u_x £ & A =X A U-in)j A (A-ta) e ~(A=in)n
= -p(x) < &~ 2% j—* o = Lx 4 =?x (A in) L j Z"/‘_7 (C r< )
A A w % - e A A ~ - A (- —_
=?’: A - [e z-‘A)'\ (-4)~-) 27 A- (—A) I <" < —)- (A) SI(L'k"(gg)/i -

:(-0-!/» ( )/\ Q\(Lb\-b‘)
= el
- N e G NS -+ Ine
2) Komplexe Toucias-Rena  2uasam mensedesn: ‘(6‘)‘3_ e e | Sl () S A== ay

CRBE 2V Nl

Go=C, = i"’-Tu") () A2 sAC)

> 4
sitk () A+in -~ A+ i€n) gink(=) 2
G(\'-— C“’* C-n_ = bl ((‘A)L . A-i-l\l hs (A) + (1/«)1' i o (—A)k /1‘_"'1//
. . Sv"l.l*(") A+in - Atita) < i (e n 2
‘L’\ = '(Ck’ C-,\):‘ *c ((-A)L . A+l - (’A) A+ () =t 3‘; ) (_4) A _:\;'7_

vak("-) L—/) A 2
> A 4_,,\:1 //
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1.MC4 [3 Points] The complex Fourier series of the function cosh(ar) on the interval [—7,7) is  (A) _Tj —'——z,l,_l‘ll Fnsimh
given by .;=|
4o ¢ o ks e L
§% ()rasinban) ,,, B) 558 = gl — o
" m(n? + a?) .
. : _ . () N =2 2
Find the value of the numerical series &y nial isinh(an) | a®
& (-1 o
{ C=nn D
”ZI n? + a? (D) HE] n? ta? asinh(am)”
Wic wler x ss aus QeSS LIr eae lichs) alplidue Form  wie oy der

%QC&AL&I\' Mozt sdhen Cerlhe ZW@'M, Zadem  golllen wsic Cobk(ax) o0 diesss

Skelle Lr_e,nnen, = x =0,
e (ax) = (—A) asunk(mﬂ) i

n(n‘w‘)

=~u=

ch\\(ao) ,;A L 2_ (’A) &S((L‘A(QK-) ino._ o\stc\\\(ax) _i L"/\>‘L

n2 + a ) T d=-w (T o
7 A = A 57“‘;‘&"?\"‘) ) R RSP
as?m\'\zan) = _(;;- +%: nEa ot Ez"-n:;o“" )+ B 0—~€+2¢\%A (\(L-w)e-\'2
£ AT A
(=4 PG Za st (ax) 'Zqz/
2.5 Fourier '«J’egral
Dos Fourie l/d'ejm( vor eher Fuaktion ][ =) Wl chd:u. als :
<) A - cosen) d
" L = ¥ v O3 (w . v
Def {(x) =j [A(w) cas (wx) + B(w) Si&(wx)’/ dw y,
: ° ;f f(v) Sm(w\/) dv

EcdﬁnsuOSQm 1Y piecewise conbivous [shickuesse sUfJ
AL licke 6nd reche Able,\'{:onam xighec e
T hosolud ieqriesbar (71wl 2)
Das Fourier )(htzsrql kaon als Erweiteruoa zur Tourier —Reike onsmhuv werdn, welole ‘]Jrzl ouch
flic ik~ periodddae Funkkoran fuoldi sk,
(Lden wir die Periode von 2 auf w0 ocdecr yechalten wir yen dec Fouries—Rerke
F(x)= ae +f oo o8 (B%) 4 sin (%x) das Foores |akeqral F_(x)cj;?(w)'cﬂ&(wx% B 510 () do
: Ad&m\«): deet brouditan i gnstaH e ddeley Speltrum  on Frz7uuum e

konttmuier ey Speltrum om Fequmzen,Do\m wirdh die Swwie ubes ofle Freques  2u emem
'(}Lesml ube olle Frez{w.t\tef\-,
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\ pas?t
o @
LT
O AL ™
lt\

N Pos Sl
fpw.
f\(‘OL\L
Me o
i clie
Bov

de pade Porddt vosens Foaldon,  Edonaw it s lererofackungy ufiheen.

Fow Ioscroc\e. Fuabtonen .\\U: Fuc W\c‘z,(‘ao!«& Fonlchonen :
o A(w)=,%j:{@ cos(wo) du B(w)=0 . Alw)= O &w)z%f?w-mw) dv
3 lk (]
£ = [hiy e (o) dus o0 = [" By anteon) duo

f=)

@ e 3&:&&2 Qs u«aevqo\e? A
- F(—x) = =X -=—]0Cx) =D um\cxgyaoQQ 14

~A

b (Dt koanen die U‘Z-Fdﬁélco‘.urﬁ ﬂ)r (,\(\jda&oe b t
Foolkbionen. yesweaden

(D Koelizienkesn besectnen
A(w)=0 e
15((») = —i—'jo \O(V}S&\O (wv) Av = "2);( L(:i/S[(Zr(w\D Au +/L/(/d:/

(Bl A o)=L (5)[essor) o

9 W o P ) \O
2 2 >
= -= cos(w +=_ sin(w) = \ -
YW ) 9w LQ) %wa (S(n(w> (—UCO&(L»)) )

@ Fourer (Q}eﬂqu Lestimmer

(=1

Q(x\ = = (en () — waoe Cw)> st (wx) o>
0 Xxw?
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) 6 Fucicc Translacuals

Wenn woir de}?;\- olle €0 -und cos-Tert dyrde Filersdirebioette 2rseteen., koo wir  vorm. Tauctes M.zamt
aut dog lowplese TFouries Mmt heslesbes . Doe komplaxe. Fousies Weﬂml bestrelt A (lwesse)
Fouries Trondosmalion . Won oot g3 adh audrals lonbinuistdl vad  aidet periodisde.  oldesnadive zur
Londexe Toutestethe yordelon 00d kaon FT oo (uer witde ut L6 baw dos0 Neslalen .

Die TFouder Tronclorma bap  wied wie QJ.QSQ deliniest :

DCLQ F{( (*)}(s) E 4? (w) =%;( jz&) s 'w{‘% we R
Mon  koag oudr e lwesse besbmmen:
ek [0 =F{lwo & [t

Ar\mn&una: Lo Se.uﬁauﬁdwx wod goshella DGiL's
« Bl -/ hdiov ML%

y @(x) e:'m&x—%[//oﬂ +f(Ax

A
&)
N

_/l|

S YL R
& T () - W -2
! g'ﬁ Lf{ ( f.- (/()Llw> ( "“’x> 4
:% ('Ci i (<™+e ""} + %; _24, ((_.zu,_ {—nw)) 3

s (W) + = sm(w>> =

e
-W<w

@&; =0 10(0 ]_)ACJ{ x)&x:f)

2 |z "
ﬁ(w) = Rk, sia f:)u:iaocos(u)
2 o ‘51/

24z = )
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1 2 ‘é&/\.&ff 'l‘-r; otion

W bein Loplace Transforn. konnen wir y»issc Ea*wwm Uerwenden, ) um MAuhju\, 2u uerszock,m.

+Livearita: T oy fgeo] < o Flfeof + AF 0]
+ - st T} T ol
. w—duﬂ E !w-—oxz = ‘F{L'.X]C(x))

- pletunen. . Btoeceids ST <o FLE)  FR O] =t FEF6)]

'Auu’cunad\. M :l——requeubemick: %?(w} = - ’F/{x'][CX)J(m
“Falhog (Convoludions) = F{f+ g} = FE - 4dg) e

Vit =0 l(\l-esmlc
2z
- _ K w _ e _flo _L
e e
-0 -
- 4 1 & (meltrbkre) o o e\
-J‘_‘AH@‘*""‘ °JM¢_ de = ‘/—;

ol 2F

u-sc.m,"

f1. W<1 F o+ Fla)=vIx . F(l-w) 2.10 Inverse Fourier Transformation
aly) =

0. Jvl=>1 201 Nokeliche Inkegrcle Die imvarae Fourier

5—'{]}: %f'(x-y) ) A)J J{ﬂ_—wj
F{ i—f *Stxz} = ’;—/f_:' Jjoz—#e:;“ dx

Qs
WS e - & T

ain(w)

FO- 7 Flfeof| -4 [ F g <o
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Produoosoudadne (idker 2028

1.MC3 [3 Points] Let f be a continuous function such that lim, .o f(z) = 0. Solve the following 27 Fourier Transior
differential equation using the Fourier transform

564 ¢ Obschat InSgrabad, ann st < Founier ornefomation von §

f(z) + f(z) + 4f"(z) = VZre™™

(A) f(z) = [=, e Fer du.

2.10 Inverse Fourier Transformation
0 1 daw—dw

Do invare Fouriar Transiormestion von g it
~ 1 P
(B) f(z)= [fw_d" v e~ dw

a3 C

(©) @)= I ke T o

Bep.35| © S =g arimme Fe ™ dy.

A Rt
J I R N I B 4%
é\(w):/hrw—‘fwz E

f6)- y’{@?‘cﬁs@ - —_S— CE g @)
o

291 b /L\—rw Qm

Y u{—ung(soﬂ.ya\c\b( Wigkee 2020

S. C) /w‘é \Qx) be: a@n&wm wiffe Fourer Qm\form xaqmﬁla /C\ >)<l*j T Beshrme ( £6) A

?(U’) :;] " —/—‘—rlﬁ(x)-e;'wxo\x

BS?ZG Wie woldex X%o&)% A stmk Mojw)«sé dee- %ea&vw\_ l/\losrek andt = (,=0
WC() T) N+ O '{;ZI f é(x) Ax
f_i—(x)ax ~-J 77 - 2

2.7 Disk Fouri

B \)dz" haben WIC  immer kealinuigslide &amﬁt bew. Fookbion 1o des Zetfdomace  bedrodidet. Dieze 0ode schiowsm wnr

00s 0 (T (OSesL '(Oerlzzeua:.", insbesoadlare  Fousies Troreforralivn, [k diskeele Siqale oopsen Enne
Foer  wieso g,-amn'ou ditkeele Qlﬁm(e.?'

Diogtake Gesale (wie Compuder, Swarkphones, de) kocoen nur ddbecle ol weracbeitan . fon bt asar welleidd kedrniertle

Q%mﬂL owd des (eaf (el ,de ubv 2ea wendldh Bereh &z@Mshd, dbef alle d,‘s\(nﬂw Gasofe beslent s
endidne %!mmav\,
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Kenkbwerlide Qaaaﬁz Dikcele 9300.22/

oy (®) : £ 6+ konkpuestich. € e R * XTal @ 0 & diskreke, G Zallbe (ﬂé Z)

o X&) vk ken fujeside Wale oa ¥l konn  lodinsierlde oder Akl (erle onnehmen
L]

° /LC\(P")@& TF-O“Q*”LQQC’\’ * 2"—,_(0"‘81(0‘74- (esst o St‘sr\aﬁe mA.Sys(ms)

> (:F:Jur(czr ?eﬂ«g)/ Lompexe Tourler Redre » Diskrele. Fouster Resire  (OFS) (esst o Sigrale cod 5 shens )
. (Fomu I(\Je.smk)/ Fourier Toadormation + Diskedde  Fousies  Teonel ocmakion. (DFT)

— |m Gmscnso‘&-c 2ur  konbowedidan F.wﬂu—l—roos(orpqébn. /ol-\ul.ysiu"" DFT ue gine endlidhe ﬂn.ﬁap e
Westen L)QA).../FA,-A FRNCS &5m0$, doss oo n  Ablastelan (éf.z—".{\ UJ‘G,A,.,n-A> bealimad yxed
~
Wic sudies 2t Fooriestele e Qo wechallon on  Qiesen dideselen Runklen beedacelbt

| (€)= +C ezi-k..ﬁcn_ :,(A—A);é
Def. [ {©)=co+c, A

U die Koellrlertar za beqedhaen, kdoten wic die DFT Focmd vecwandes :

Pl =43RS ¥ ok
2

W die A«.samss&d‘m\. ws de troasfocrieden  eelen Ce zun‘lckmcr‘\alb/»,wunnd\m, wie de lwerse. PFT:

a-A .E_Z_:%s X
'Dec .g: th-cl ) J:O,A,...lx-A

Wic pesiersn 1 bedsn Tolld Lowr Lund j . W lovan 20065 wkelolln Savie audn ds ladrix ooffass on
5> Toclee Mabex:
De Towries Mokix Mo b Divenson asn
c Jedex Em-{-ro?s i aine Poenz de Fihelsuurze |00 = € =
- Die. Biokraga dor llabrix @ do bk Zede und gheo Spalien 8t il = o @S
+ Die Tourier Tronsformation, koo mon wie Q(sk definiesza:

e A

(:’ go A 4 Az ()
. 4 Wa W bdel Na.w
(DC-‘:, C = ,uo -F m-é :"_:s (F? ] Ci= :,4 M";- /} o “:J ‘ u.:n""” =(w~\3h).q".w‘%u;:/.\.)u.j)

foea Caea

k,j-a,. o )

N
()
R R

* Boi der lawersen Mokix kot citfode die jwerkierles Einkeibswurzeln . Pos bedeatel dars die Ef‘o{maz
WL W) = 2 ond | Die hyesse. DF T koo woir wie ,@/a,vl be suseibors.:

g, Co . ) ,1_4 y] s A X
A . C, N A WO W s o™
De.;, C_ = )’\0' F- m~é 7'_:’ Fs‘ ; C:= ;4 «:\:“C A wrowt u:,.,-“-'*’ =i((.o"€‘) 4 c-uﬂ/»-)»s)
g R ~
” p

-(:n- Cooa i Y)=o=h A “ij=0,--0r1

A
A W R
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1. Discrete Fourier transform (DFT)

Zti/“'
Let N = 4 and f be a function whase the following values, A) ronq¢| : Wa= e

to the finite trigonometric representation ( A=A 4 ‘A>
- A4
3) Formel: [C=u*F
af A2 a2 "
C = — Al -4 O | — A [-443i
4 A-A 4 <A [ < 5
A -i/ Y -4-3!
4) tormel | £ = Co+C4€"{4CZ<:L;£+C > Formel: [ef~as(Q). isin(£)

?(0 2 4 (AA + (-9 +30) (s @visin(®)) + 5 (ws(@4) +isth (yc)).(-q-s.‘) (o5 (36) + i st 34))
= -;i (/u " (.4 con (€)- i s(E)+ i s ll) 3un(e)) + S@0s5sin(26) . (6 con (30) +Zain(3¢)-3 confat) - isin(at))

= 4; (ru— 4ms(é)'?>s1'n(€) + Ocenl(2€) -4 @(3“-)+bsh,(3€)>+% (_4;(,\(4)*’5@5&).,_5:,“ (2€)- 2a28(3¢) ~Gsin (3&))
Die Fast Feurier Troaslormaton i e Mjow'ﬂu«s 2uc %@z&(\mz der didseen. Faurier Troas{ormation

foskolt DFT diveld 2w heceduen it 2ive rekorsive Methode, welda de Anzol] des Operabionen. won O(e)
Qu‘@ O(Qoa(w) -f\-) Cedwierk .

Dic DFT braudd @ komplaye Pudbplitablicn vod MAknes  ber ciner Etxojsgc‘mn,z vor Qar ,1_0:8_ . De FFT
b die Strubdur der Foucier- Mokix, e dos Problen (n benase Tt aulaadeilen,

Fic cloe E(jonaa(o\ax mk 30.40&»\, s uﬂj:c\cl@r\, lndizes wird die DFT (~ 200¢i Summen m(lfw‘&.

(e ) e-A alz-A
| -2%iky/ > -2nik 2} =231 24+ /0
De@ Cu—';ﬁ e =2 4¢ # *',ZG\C,H< N
&

“)-_'b

Da e '\F&z dieses klesoecer Summer oudr efe DFT id; komen wir meussy dos S\uoh Vecfouen it
dec b«g. 2 e_rrddu.l\., welde atae 6&«]&@( /@Ma(’h&%ﬁka&‘m wk A b (4)) L‘Ta’&‘"’".

Dos B\ddba_ kone e dle lavecs ’DFTmc\uA,ude‘ & Qes Uorlesuse agvourss bedrodlel  wordes &
oV

18

NNTENEE | Graghishie Dorddbos, (Bl poller)
‘(‘. =2 Gy Ly > O '

)= Pl 2 Camend = (D 4o (O mbut

k-o -‘:) T A
. ) * (<) . A:\
Cces (l.)m,"k = g - (A*‘:A ‘F_) 7 )= o, .,.)M—-A v ;<:

62 S e

~
W
]

mA R i
,ng' Q*"' = Z Coe U)p\_)k - (A)n:)

frat
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U olalidee
Formeln bonn,

Wir aten. Wer cudh. wieder die  Mdrkootabion ﬂa‘r\,@i“.m\. S o € oufadn

L sehd ihr bei Bsy.2/5

-F-(°) > il
= : .| O _| (o I )
=M € mik F £© sk @ sk @
o fun T
. O - © (B ) = N
D pq;c (kgz My - ? F- (o) c°( ) (®) c(:(q x /1
oty = ={c.¢ =
o oty ¢ T_—(t\ S A2 < RXS)
Cnea [
3. Fast Fourier Transform (FFT)
Compute the Fast Fourier Transform (FFT) of the same function given in _ 2y,
exercise 1. Check that you get the same result. A) -F-W" : W= e ™
Steps: /2 *
] {L:R:Q:z: w{‘ A =2 -_—.':
1) Find the value of wys, where M % 2
2) Compute the even and odd coefficients C' and C') using the formmla
()] 2) Ta” . Te?
(o) — [0 | — ppo o) ant ol |0 | g ile N < _‘l= ~r@ (3} ©
C 0| o f nd ¢ [r_,l,__:| g | E{MQ_‘ X \_C.,‘ 5- ”z .C a (.5 ng .C
3) Find the value of wy. J " .
1) Compute the coefficient ¢ using the formulas for & < M | "; O W e e
1/ & (en) Er"d: 0= A ,0'5- wot wr )
=3 (, + wite! ] n A ; .
A e o 1>
And for the coefficient e, with & = M, A e o
1 o (e}
Ch+M = 3 (a-_.'. D —wpytey ] .
) MA_ A (A A A(r A AfAr 4
2 = ? A o | = = A oA 2\ 1,
(..') ”1((0;4(/1 A>(€e>= 4 fo 4 2 2 2 2
¢ A4 '(:Z 2 'Co = -(:z
=m—ﬁ(’('-5 /Z_((/‘ A>( ) ‘P‘“‘€5>
G L-6
20/,
6\> Torvel WO = *
2”/? % .
allads e 27 AL
. A - G -
4) Forine) : Cg-——(c,‘(°7+ We "qc)) c = ’L(Ct(°7- W "q(‘)) ve> N
z “h | P - £

Aus Au(:gobe A)—HFT= 20,6, 31
. (<.,<°>m;c,<~»>‘g(4 (ot B e A 4G R)) - 2 Uorbi e r &) =2 (i)
= (e ) A(A (o R)r D A (0 R)) = 4 b R TR =4 (-4+3i)

sz*g.z
cz.cz,-;-(w-w N AA o f)- A AR =2 U-frf-G)=%C)

C-‘-‘('-"“ ( - (..\ g’(é ('Fo‘(;. 'G"')' E(fﬂ'pa ))’- E (L*L( h "fs‘.>= ’Zf(-q-Sf)

Even-Odd und rourier-Reihe Komplexe Fourier- Fourier

Periodizitat Reihe Integral

Fourier
Transform

PDE I6sen

W 22 Fourierkoeffizienten einer Funktion bestimmen
S22 X Koeffizientvergleich fiir Wave Equation Funktion
transformieren

W 23 X Koeffizienten berechnen fur Heat Equation, Koeffizientenvergleich fur | Wert einer Summe ODE lésen
Dirichlet Problem auf einer Kreisscheibe bestimmen

S 23 X Wert einer Summe bestimmen, Koeffizienten berechnen fir Heat Integralgleichung
Equation, Koeffizientenvergleich fur Wave Equation I6sen

W 24 X Koeffizienten berechnen fur Heat Equation Wert einer Summe ODE lésen, PDE

bestimmen l6sen
S24 X Wert einer Summe bestimmen, Koeffizientenvergleich fir Wave ODE lésen

Equation, Koeffizienten berechnen fir Dirichlet auf Rechteck
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Eine Di%ce.n\mlﬂzidwnz beschrelt  wie die Ab\déuqsm aiter unbdantbn Funkkon  sicdh andern ued it die Kowdobion 2y aaderen Fnkionen

ond anderen Paramcrern  auscdlen . Diese G'&"C\“‘S\v pesdan  rorvilerey von da ?\‘76\‘(. ded  beobudieln gyd-&v\. kersdc}d' witdon Zld A

anbekanoke Fakhon. zu  beshvmen .

[ Af\q\ysis T leben woir SMHCM GLs (ODF_'s) bekondelf. B eioer (DE i de (jzsuchk) Fuoldion ob&c‘i\ﬁ&z v eines Uariabd (beps. 7’@)
wd ng \(\{-}mc&iom 2 cites odes velieron Ablo'kmsm (‘stw. :‘:h)’("ﬁ “/gc(}}&{wwel\&, i Bawz 20 andern 323¢bu\m Faokhon oder oedberes
Parameten C\b\w[ii\i% wn  Qeser lariobe] .

In Asalysis T sceouen. toie uns pockelle DGLs (’PWQ ar. Bei cines PDE & die (Se.wd&) Fonkkon obhﬁ'msi} o veheres,  Variabel (i)
F;\S\icl;. besdired de PDE das lkerhallet einer oder wekieres fFor{:iCHU\- Ab\citunam (bstw. Z%w‘wx);?r}uk*rﬂ) vedduswere 0 Beousy

2 andern 32 Faokton  oder toeshefes ?OTO\MLJrQS‘I\. Q\O\MMS‘B B desen Voriabeln .
)\)04,0\%0(\ ,/m_

L 1 |
w8 u,=§u(m0-u' ;ux,:h%u(x.&)eu", Ue=Zul) < b2 [/ — e

34 EMCO eines PDE - ).

Fine PDE gt

blbaear, folls die Bcsvxc\xl«, Fuokkon wed dic Ablciéunan, s lineor 1a des G:lziduma workomues.
Sind Qiegse PDE's Mitecs odes nicht finelog &
U+ 2oy 4+ =X = lineoe
W= ot = lineog
ES? 3 | uz= o8 (w) = ude loecr
u = u = ikt Uoeor
W Buca, =0 | = wicd  linece

b \LOMGXI\,I NEO\“S die G\@éum e Qe 3&()«}-‘. Foakbion oder ziner der fvm—@d‘c(\, Ablﬂlw\aﬂ\ LQS(L}L ul\d U‘Y,O\T K\'

Sl dese PUE'S \wwsﬁn odes k2

65P40 U+, = 2u =2 WODQ.L

= idAF Uomoagn
3

Ux & Uy = 2x

bof o e- br&(\uuzs, oo (. die hechdle me.stmh Qe ynbekarde Funhon Aorslelt.

Eoo Al L, ¢ .~ = 2.0rdawn

W + Qy=u =D A.Orawcx
U
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BS?. il @ It is a non linear and non homogeneous third order PDE.

1.MC6 [3 Points] Consider the following PDE (partial differential equation) for the function
u = u(t, z,y):
Uplgyy + AUy = A1y, — 32% + .

Is this PDE linear ? Homogeneous? And what is the order of the PDE ?
(A) It is a non linear and homogeneous third order PDE.

(B) It is a linear and homogeneous fourth order PDE.

(C) It is a non linear and non homogeneous fourth order PDE.

- s 4is PDE “QCOV.Z - non-finear  wifle rcs(JCoe bo v due 4o He U,: U)()7 tetm
- s s mhwpamawg 15 ok M«’m wibl respeck w due 4o —%37 tecie

Lo erin net containha & ?maﬂ D= net reoyeqeany

- OUat s e oxdas of le WE L T ‘433\:-%4 desivadive 6 tyy and Uasefore €o PIT S of ondas 3
3.2 Klassifizi von Al PDE's tec Ordnuno

Betracdtben. wir gine Lineare PDE  zuseiker Or&(\umz, on gaes Fuoldion ulyy) @ der (Llsa‘r\m Foem
A T S B %‘u,y +C \l\/,y - E(X,)l, u, uK,u),)
_\L_ 7 L
> ny?crbohsd/\:. AC-B <0 / #L
> pacabolisde:  AC-BF =0 L-Z> x

] dipel:  AC-B 50
- wixed bpe « Pr ABC Fiolow 1o don oriobali (xyp) sesn koman, kaan sidn des Typ fas PDE sda jo node
Ao Derten (x, y) mjlid«zrwa‘sz andan, (n diesern Fell & Xe TE wixed €ype wd  wir wliben die KL&SfQﬁducz
fic erdiedane Weck [Regoor 1en () vacken
E lu P du, sB -0
A + 2 Bou, +C Wy - F(x,/, y, ux,u,)
B0.d3 k=4 BoA C=A A-C-B = AA-J%0 = pocobolich

Al + 2 Bouy 0wy - F(x,/v, W, ux,u),) y -0 %”7\
B .44 % A
= A=7 B=x |

’B@\Mug Qe Khzgﬁ‘zg‘gg\xmk dec & A]%m\c PDE -~ vu +2><nw>, %y = oy
/ ¥y Qucovoth

2 . , AN
C=A S nived Lype Nk
—_——— <
// \ //Pq,whsm
1.MC6 [3 Points] Consider the following PDE (partial differential equation) for the function
w=u(r.y): ’A‘%CMO"\‘— 5“'.- A Wsexe + 2 %‘“ﬁy + C— ’ uy)« = F(x/)’/ u, UK;“/)
gy + 2 COS(2 )ty + YUy, — Uy + ty, = sin(z).
Is the PDE hyperbolic, parabolic, elliptic or of mixed type ? A- Uex + 2 '@(K)ny — y . uyy = W‘“qy +Si0 (x)

@_ 4—5 (A) hyperbolic.

(B) parabolic. =) 'A = A J b=CO§(X) 7 C:)/
(C') elliptic.

mixed tyvpe.

- K -F - y - cd(x)t"?slsa, Suap ?oyUL =2 pixed -éwe.
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S Lo c AD-

Del. | Wus € e | mik o) wddea die Aus\enkuﬁzg at der Stelle x zur ek £ besdireitk.

Die wdlmski&ma i esoe 'Lypcrboh'uﬁu—,b‘m PPE 2. Om\nu«a,.

ﬁnmibedmjunat (&wﬁdm;y Conddions) Jok
Roo dbzdua3u03m azluux ans lofo cmakionen on amxswt. Selfon (Rond) 21 alle Zerkor . Reaspie|Quxise {r(:{) .
lo dicenn Fall wone die welle on bedor  Endess (x:0 vad ¥ <L) fof dingspornt oz\ab\kom\r)ls wn ds e
Aalo0g shedingeoa (il Gndibons)

AA«%@naﬂ% 3‘2—0)24. 008 Infbcrabonen ube die husgomsposition odas thmala* das Wellenfenbden

uls@ =fos| Gcxsl
20 aer 3@5&«\, lert (f O) &B?'Ag*’e& 0¢(x,0) = &) osx<h

Ik dizzen Toll kable die Welle =, Reainn e o (&) ui cires Gce,&:&wﬂb'ﬁbdi )

U Se_pgm Loa dec Uociabelt
@i nemen. ony dass ene Losuos des Llogsden Form axibert: ulx 4)= Foo 66
CiDie beskumen Qi Ablesbun die. 1 das POE pockomnen:

2 2 oo

QeeHF-6) =F 26 ~Fé
r(,() wie ene kocukn’!rﬁ-ébb&(

Ux!(——- (r G‘) = 17: F'"G

@Q)dr‘ Sedzen die -Fum:\atw Ables: (v A PTE e : 7‘—@\ =c* FJI

; Hecbey & r)'\h Z0. beme rtan
@m\r‘ QDVMQI" d‘dc PDE um UOA u:\’t(\ﬂ-‘lf\," U&o\ r —%— = Lr_” =k  dasy die vch(jcl e vt ma ;

. . vad die ke See we x mobhm
(A)(r kon(\a.t\., die. G»lz&utsale Gluob.\njssrs‘o«, wmsduceiben (4. flus dieson Gruad\ nodhen wir dos! j
F.,, LT k\sl- 02:. t’o@oo‘( Qe wedey v Fandx
{G lkG =D Dgg5 s«wo)\ \y_—\-z'L M\ O'DE_‘S 235 Homog e DGL 2.0rdnung
=C ‘ R S TR
1. Setze y -
2 IS !\‘ ! ! . ‘ !! &l ! ) j ;Cs;df u\h< b Dov’x» OW char. Polynom
AN #EXA=y 16MF 4 02027 (A, A2 € R)
Wit ligea die. erele. Glen usd bedrodden die Flle k-0, k>0, ke®: P = mcmum o o sy

— komplex konjugiert

" d F e
@ k=0: F'-0 0 B Fh B mgehyeB - e (G
4. Falls kein Stérterm vorhanden ist — Randbedingungen

'?mcl\:edm&,mé: Fo)=8 =0 FO=AL .0 F=0 = u(x.é)~6((:du‘\oh. /Auﬂ?g)

DL>0. F'olF -0 o ODE it bonshorbn loefliziecken: K-k =0 Ae Ul oF o= B e
f{mw\;%-. F)=AB =0 -2 L) = f( ™). 20k (JTL) -0 vks0 k-6
F_(K) =0 = U(x,é)-G(‘:ﬁw\oh. L&ut\a\
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@ k<0 F'ulk|F=0 = ODE pit kongtocten ofieden . N +ll=0 Acsfiii o Floy= Aces Gie'x) +Bsin({@x)
Kaodbedio . Fo)<4-0 Flu) =B sin({ii't) =0 vke o
550 F0 (0.6 (bl Aoy
= odar [kl ox 550
Eopechtt 0 die G = LG ) wedie o € abliogl, ectallen wic:
G + cz(%)l6=° 5 ODE b londooten Koeffeden N +(2-0 Aoy o G- Can (£ +Dsin(Fe)

e )?

Lo —[o=

L

Fir dic kondfooks ueswendan wir Indlex N |, w 24 verdeu (dhen, dasc je mdea w%bdxuexc

ustecadued/ida .

quré):(SA cos (Ut ) + BT st (M)) -s.'m("f"x) v on «NT

Wer Shd Brucd® die Kombinotoet der lonstonkn s Tund G o Wi kober  Ky= =5 definiest.

3 Cusommensetzuag dex Adsung wit der Foucier Redhs

Wir haben  gine. bes. um.mQM lo"cm:\m , w:)ﬂu die. WIualddm«jud e Raﬂbadkjmjca ecfillen , Wt arvecsdiiedilan

Frequenzt A . dedode ecfullen diese Ké'swnu. uescless Qe 4“0“'3“*"‘"‘3‘”3“‘ ndd. U dicves Proden

20 b ot i At Kool der POE e e rodon wd die Aoy ols Supespenlion alls

Qorste]len. .
W(n€) = 2, (Becoe (M)« Bl s (L) s (Tx)
AA(MBS‘K&O g u(0) - foye Z Bus[BEx) ik By 5 LLF(X) s (1) de
hoawer: De linke 6@&% widerspiagelt aioe Toosiar Rale piner 2L @m,m\j@h

Foakden . Wena e also feo woagsedle,; 2L~ crwesbarn lonnea wie Ba dls
loeQhrients 8 cruetbesbon Fanbon. beabinen

g (at) = SAB slad) + B Awcn(4)) s (B2<)
s (=) = 969 =~ HBTen(BEs) it B 2 [Jeomn (TR 4
Kawed: De linke Gle&c@n.ur?) w(dcrsp'ese—u' 2ioe Fourias Rale  gioner 2L M,u(\s@hm
Foakden . Wean e also fuo soaesede, U~ coweskarn kennen wie Ba ols
Kogg@'zimk‘\ dar  eqwerleston Fontbion. bealinen
+Es i ’u&u«a‘, dose ke dic. “d’u'éw)?f parshld . So komnt e vardelion e die SWJQ
léwau, von PDE's  konshuiertwesrden  (und  viogidheruene st il ehe ahalide 'Hekdorn” i
Qs ‘\’rii«l)«mz medias. )
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KOAU'CZC,P“'- SC?Q(G#I'M\ der Variabeln

@i nehmea. ony dass e Aosuom des fobgsden Form xstiert: wlx )= Foo 6.6

@ive beskvmen die fblestugun die i dar PO pockonnen aumsg von Fuad &

Bl Sedzen die thmw Auuaxjm (L die. PDE e

@ Wit forrer dic PDE wund "ereonan "G und Found sekevn es deide edner Konstenle o lc)
(B Wi Losen die OO, welda $e ucfadeen Rmdlodusunwﬂd”wsskd«ﬁ%m)kd ,[er die. Folle k=0, k>0,k<0

@ Mt das Qom\bedmsuqau_ bealinaman.  wic die Konslonlen (2.8 4, 8) :

B wic sollien for beokrwde "5 cine (k) Lownee fur die essle ODE finsten

@ Wi sekzen diete k'e i dic zwaul DEu~ nd fosn die O fir dieaw  fanbredn Fal/

® E&Zﬁr au'\f" ene eifadia Raodbedingu lbon, bonven wxe prfidusieite de l;osuu\a dos zeeilr ODC

® wir koer o s bedismen mE Ao Anolime o leb) = FK) - G 6)
uj\elllu‘d"wa‘

@ Wir lc(olmel\, die  Losun U S 1&\, durde eime TFousier -Reike /(Fomu (nfeqral) wtr eme nidf tonstode
ﬁp‘“‘aﬂht&ff\s)«z oRes wa&x:\'a PC J )

r

@ De loe[Pizindere 0 des Faww.r Redie fostor sb donn awsle mi don pafsprediandio, Fomreh heredna .
« Die Glz.-cuuvﬁm ydie wic ju Bsp.4 bestmwvit haben ; koaoes ale Sme.(g,ﬂe Loson fw
die wdluslzﬂa uos eaeadedt, [olle e die cilacﬁu»f o dbedinmupoer koifeen .
\ N \
Fur etae XD-MRGSE\'&AMJ G Fort e = e S dea %&MWACI:G, L]: {3?:,2) ?Zf) i
I = “6(“10) gﬂ(x)
(_\dm Lot eve O((fﬂdne [osm'\z u(x,‘é) = Z(Bu &s(h{)#ﬁn’sm(?tuf))sm(}}l) ik A
D€¥ €(><)— ZB sin (— *) S(x) _2, B A sm,( x)
b7 fl F(x)sm,( T B - 3o<) s((\.(“ K)o\ﬁ

3.3 Eindimensionale Wellengleichung

Wellengleichung der Form u,, “u., undden

3.Q1 [10 Points] Wave equation ot
Find the solution u = u(x,t) of the I1-dimensional wave equation on the interval [0, L] with the
constant ¢ > 0 and the following boundary and initial conditions:

Ut = Cgy, 0<zr<L,t>0,
u(0,t) =0=wu(L,t), t>0,
u(z,0) = 4sin (¥r), 0<z<L,

L
u,(z,0) =s m(l.r). 0<z<L. b9 i
You can use the general formula directly to obtain the solution. For this exergise, no points will ole) = 5 Bransin (" ) @
be given for detailing all the steps of the separation of variable . et b
cnse ’ (F)
S B = 2 [* gtaysin (22d) a
“ 14 Fl; (7
w [
S =4 falls n<5, 331 vorgehen1
60 = = E o en (G2 <Telan (F2x) = fBeo 1 file oSy e
R0 sonst L
. > i3 * cnx Q » (5)
e (50) = § ()= Z&ﬁsm_%) ~ 2B (T g (B) L
A fze (&
= N= ’_’. -m-z-; (‘a“s 1\’2/ o Sefze dlle
B - O sonst

< ulxt) —~ = sia (22" e) 51‘0(35<) " 4@(5%4) S\‘n(’%‘ ~<)
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Pﬂifu(\a(sm/\foebe, Dioter 2029

problem for v, equivalent to (3).

c) (8 Points)

problem you have just formulated.

§ax |

=D b= M\

Q) w'-0 8 5 w-ox +b

Bep. 48

V= V(Xl(-)
sude fub

V(o) = v(ek) =0 €206
v(x©) = x%- nx
Ve (A,q .-_0

(i) Find, using the formula from the script, the solution v(x,t) of the

(ii) Write down explicitly the solution u(x, t) of the original problem (3),

2
©w(0)=b-3 ()= ax+3-5 S o=,

3.3 Eindimensionale Wellengleichung

3.3.1 Vorgehen 1
» Berechne A, mit (2)

s Bestimme B, mit (3)
wenn das nicht funktionlert, benutze (5)

e Bestimme B, mit (4)
wenn das nicht funkfioniert, benutze (6)

¢, Sefze alle n (1) ein

b3

B) vO.9- u(0,6)-w(d) = 2-3=0 5 v O=ulet) - w(x)= 5-5-0

) . . e & eindimensionale Welle g de e = 2tipy el
3. Inhomogeneous Wave Equation (14 Points) E:'nﬂ'&z;ng J:;z;o ‘C’;c'v‘-j'wﬂnglexchuv‘g der Form und den
Find the solution of the following wave equation (with inhomogeneous boun- :
age . wlOt) =u(Ll,t)=0
dary conditions) on the interval [0, 7tl: ulz,0) = fx)
we (. ) = gix)
2 ~ <& Y
Uy = CTlUyy, t20,xel0,x finden wir eine aligemeine Losung
u(0, t) =3, t>0 %, 2 2an' A
u=ulxt) (mt) =5 t >0 @) ulr,t) \_‘u:‘ cos {Ant) + B sin (Ant '.~...\‘I_.‘| m
u(m t) =5, : £
such that 2 L = - .
u(x,0) = x*+ (2—7m")x +3, x € [0,7 A== @
u(x,0) =0. x € 0,7 6 =5 B, ‘('); \ @
. ]
( yroceed as f S. =
You must proceed as follows o) = 3 BiAusin (222 @
a) (2 Points) Find the unique function w = w(x) with w” = 0, w(0) = 3, and 2 b P
s By == / fie)sin (=) d (5
: s ‘ ) B: = 2 [ geysin (PEx) ds ®
b) (4 Points) Define v(xJt) := u(x, t) —w(x). Formulate the corresponding LA, / i(=)si (77)

wk)=2x +2

1) | [xcosinx)dx

X € Egltj_ 2 I[xzcus[nx] dx = [nis?
X e (0%l

3 | [xsin(nx)dx =

N xp8)= 2, (Bucof @2 £)+ Brsin| Z24)) - Sin(g=<)

Ve(x0O)= 3(")‘ gB: Ansit(v) = O=%-0

C=x

= z(&scos (cat) +B7 sm(cn.f)) sinfon)

[x?sin(nx)dx = L2

cosl )4 sind

nT

sin|nx}—nxcosin

ns

nx? ] cosl

5) | J 5z dx = arctan|x)

2] sin|nx

(ny]4+2nxsinin

V(x,0)=ulx,C)- () = x*& é D)X L/X -g%{«—}/) = %= sex w_(x,o) = u (0 -2 x)o =0
- ndefinite Integrals (you may use):  (n < %}
Ve = U €208 v [0,%]

+Inxoosinx |

2 Q- 188 e (nx) 20k Sm'(“")l} 5

Ba=Z fcx‘- x)sa(oc)dx = 2 [Tein(on) dx -2 [§ salod i =

bad

2 (- -a®x) (1"

S{‘Q(ox) ~axaes(ax) 771

n¥ ~0

A_;i(& (0™ -4)

%)

—nx (—/D(L) _

& ~ 25 )W 4
x>

o

-% A
& e

ﬁ) alct) = V<x/é) W)

oy 0 nE
O n:zd'
= = ‘
~ = =2y
4 = (0% - & = A . . :
v(x€) - i ,Z_, —a s (cnk) sin(ox) = = 2@5 cos(c(zw()e)sm,((zy” x)

cos Q_(ZJ'M)G) s‘lf\,((l\)"’ A) ") . i ol id

3.4 D'Alcmbcr{:-é&mg

Fir die 4D a)elletﬁlac&ma Uee = € U agaebm ik #’jende: Koorditafen{rancformabonen :  u=x +cf uod w = x-ck
De lr.gs\md ,weldie  wir erhalben haben , wird audh (qllgamma) D' Mesmbert Ag&w% 3&0&00“::

Def

u(&,é) = }0()&%@) + yle-ct)
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Faolls man  zusabelich
duzufs&or{?w D' Membe ot ,(ggm?)

wa An.(\c-t\sswébcdt‘ﬂjul3m b«:&o&g‘d&,se, erhall van dos Coudfy Problese und des

Wl t) = Plerct) + P o-ct)
u(x0) = f)
ue(*/(“)) =3(x)

(Couch .y Probles,)

Def.

U»(’(,f

E[(Xfct) +f(>< ct j r = f“ds(s) A)

Wic haben Wer kelne %ﬁ&bq&inguna C Doy leisst die Welle kana  sde alss be  deser Losuna

b&»esv\ .

wu&?\ 'fru ! ™ Raun

Se ‘\}\(x{f) dic ABsuog v def cidimensionale Q)alleojetcitm%

xeR, {>6
A {xt-2A

w(x,0) = f(x):{o T, e R

uc(x,o);fj(x):{

u“ = Uxx

A5t <A

xR

0 IxI>4

Bsp.4§ ) Fiaden Sie (0, %) wit dhie dllembertsche  Forumel
L) Fiaden Sie A uat)
D Formelr a6t = & [PCrct) « fl-ck)]r & Mg s
u(o,z)?); L(5)+ (’(—-)l*—f3(s>ds
e iw lntervall T-%, %1
ADaaes1=2
) etz 20001« 4"y ds < 4 [han Lz

1.MCT7 [3 Points] Wave equation with D’Alembert solution.

Cousider the following wave equation:

Uy = gy, reR. t>0,
u(z,0) =e*®, reR,
w(x.0)=0. xekR.
Find the value of the solution u at position x = 0, i.e. u(0,t)
(A) u(0,t) = cos(2¢ct).
Iﬁs?g) (B) u(0,t) = sin(2ct).
(C) u(0,t) = sinh(2ct).
@ w(0.t) = cosh(2ct).
Foruel:
ult) = p(x+c€)+ 1"(‘-&) (0/ é)
U("/O) = F(K)

\le(xfo) - 3(;«)

w(xt) = ?‘F(xrct) L x-c)] + j’: f.:jﬂ“) Aw)

I;C(m—d:) +{(o- ct}] f 3(&) d¢
g[r«,e) ~{eD)e -”2—; fﬁ 0 d
%Ez&#&.wj £ CO.S"L(ZCQ
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BepA

1.MCT [3 Points] Wave equation with D’Alembert solution.
Consider the following wave equation with ¢ = 1,
thye =iz reR. t>0
u(xz,0) = f(z), xz€eR,
u(x,0) =g(x). = e€R,
= +42° -2, r£€(0,2), 2, z€(0,2),
i {( ; re(0,2) il g {(: 1€ (0.2)

where

0. otherwise, otherwise.

Find the solution at position x = 1 and time ¢t = 10, i.e. u(1, 10).

(A) u(1,10) = 120,
(B) u(1.10) = M
(C) u(1,10) = 2.

@u(l.ll)) =

forvel: AAO

u(’(/f) = P(n-cé)#-‘f'(x.d-) u(A,,l(‘)) = /Zi [‘ﬁ(»‘* 4»,(0)+\C(,1_,(0)]+ QAA . f 309 d¢
U(X,O) = F(x) N ph A-4.40

Ue(i0) - ) = é [ £A4) +£C9)]r -;ifs 19 ds

o Ao 0], A [Fas-A 4
w(xt) = ;[Z(xrc.t) o - ct)] +;'—‘fx_:3(s) Ac) - ZEO ol - z ! S ds = 2 5%

2

4
Ps

Bsp.52

o) unendidie Sotte = keine Rum:\bedi(:ju
r:{.,-.[]}=ln(12j{f_";") ‘(\1(101, Condiibions : culx, 0) F(x) - I (2*c )

ansgelenkt werde, Weiter wird angenommen, dass die Anfangsgeschwindighkeit . i
Null sei und dass sich die Wellen mit der Geschwindigkeit ¢ = 1 entlang der U“'(x C) = 3(‘() =0
Saite aushreiten.
) 1 | =c? Uyx
a) Formulieren Sie das Problem mathematiseh.
G ucﬁ«y Probles -
- .- . . 2 "'C (o r
1 Sie die Lisune w Probloms )
b) Finden Sie die Lisung u(r. ) des Problems. o, 0) ll\( = D MLM\) . OOQ)ZNiQ!'L
¢) Berechnen Sie nun lim w(2.1).
b |
U(,Lx,ﬁ) =
}vC‘

b) ‘F‘orlmz,"- u(’\/e)‘—‘%lp("*CL) 1['(" C-é * ‘f’g(S)dS

0 G E AT () + -t 4 T s (i*ft +}+/l- == ‘_“():)

A+te
£ x-¢
A 2+¢* 2+ j
- EBA A+ c"'é) e (’“’ 5"&)

e) fm o(z,¢) = ')l.m (,( (2+—‘Z: + Aa (%})

€ tow A+ ¥
. —2- 4
2 Luk 2 & 2+e %t k G+ 22" ve
Tz éL‘:. A+%¢ A+ 7€ “ t»v A« Piand 2=t c et

z 2- q-
< D (b ) - R0 1000 ftn
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3.5 E“AIHLDSM(Q M&‘é@%
Die ei0dimensiocale w&rmlciém\a,sjkidua besdicebt e TW\&A@'&B ulxd) ena  Stabs Jerﬂngz A, weldur &nﬁqnz der
X- Adhse. ausju.‘&td is

le= < un . o ¢ Tempecatus IMHCJN at
u(et) ~u(L&) =G ,£:6 => Roodedi en il = X Thermisdie Leifalubtel
Def. N R Mﬁémd’i\wjm T o sefide Diomtigarkal
(N Didde des Slabs

A(\(\Ql«MUL.- - ok Pftesfé fur i ¥~ R
-T=0 b x<0 ud x=L

L Am(aj:badir:juﬁam dordh FQ() beschrieben.

Aosuon der giodimessomalen &)gﬂde.lkumgq‘d&w\q
& d

0
GICJC[A.E.& Vorqehen wie be b\)e“eusloo%oz it ngqmﬂm. des Uoriabelt

A) SePam(ion. der loriabe/n
2) rqllu&crs(f&,dduo}
5) Su:?cv?oﬁiuol\. des A;sm\a = Fouries - Rehe

A Seporakion dec loriabelt
@i nelmen. on, dass ene Aosuoy des ﬁ)ﬁ(ﬂu\/ Form axihert: ulx,4)= Fx - 66
@D(r be_summe_(\- e Ablesturn de. i das POE pockonmen:
te <3(F6) =T 26 - &
2 'trc-),:u ene konglenkr Foblo oyt
szz;?:z(r'Gn) = G’ttF = F"G

@wﬂ‘ Scl’w die -(:unAdzt\.ix AHL(' (™ d|L ?%cﬂ\,-‘ T‘_G\ - Cz FJ’ GI
; Hiecbey & wu‘J;:Q 20 bemerian,

®Wir former dic PVE wund “breonen Boad F i =8 = & 1 disy e cedle S imud mb
26 = vad diLul-iu‘:c Seike ;x wvbkg%

[
Wi koncere die waﬁ' ale Glesdbuun gebest wnsducedben: 4 s diesen Griandl potken wir dos!
F-u kr js‘ L\'Sl’ Uzkmﬂ‘(, dre wedry von Funde
T L abhdagk.
{. =2 Dagy sind \}:\-2“ 2102l ODE'S iy
G = CLG
Wic ‘&% die e:el'c Glen u«& betradden die Hﬂc k-0, k>0, k<O:

@ k=0: F'-0 2L .o B Eh B rghet-
?m&\adw te)=8 =60 FlO=AL -0 FG=0 ’”u(x.é)-ﬁ(tdu‘\oh. /«iw\?g)

@t)O‘ F"—k‘Fs‘o = CDE mt bﬁ% MM&» ')}-L.-O A- :mﬂFLA);A{{U‘-Q-g@’m‘

KOKM;% F(O): AB -G A:'& r(/-)- ‘-(‘.(ZTL_ ‘:{I‘L - 28 sM(—TULLo k-0 —7A=0
FG)=0 = u(:,é)-%((:dub’«l- L&ur\a\

@Ko FulllF-0 = ODE rit korstoken fodfrieten s 40 A<offli & Fey= Ac () +Bs
Randbeliogung: FO<A=0  FlL) =B sn(fkiL) =0 vk ©

S B0 F)D wu()-06  (Livile “:'“"3)

2 oder (kLo e 5 L. —(—"ff
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Eopacd i die G = LG ) wede o “—GH%L) eshallen wie:
G+ cz({‘—)le-o > ODE wt kondoofen, Koeffzienken A +(‘%f—o Ag-(arﬂjl o Gu=C <
Fir die kowtookes eswendar wie Index | wa 2« verdeutliden, dasc je maden wfblfc‘wm
wic sntessdiedlide.  Aosungen <sholben
W k) = o) -Gal#) =8 € M-sm%x) ¥ neNT
Hier Shd BaudB” die kembrnatomt de lonstorkn s Fund &1 o Wi hober  hy= S5 definiest.
3 Cusommensetzung  dex A.'O(Su(\?) sl der Fouriee Redo
Wir haben  gine. bew. uM.AQL Ao'ansu\-,wdh die wirmaludwgud fure Qaﬂb«&jmju ecfillen , wt untecsdhiedien
Flaquanm A . dedode ecfillon diese Aosurvpa vekless die b\ﬂan‘j&o\.'(nwaa\. wide. U dieses Prodan.
2 ooy 00t die Kiveoeih der POE o e sachon, wd die Loy dls Supospention alls
"Basisusursu,” Borstellea. . L
w(nt) = & (B <) se(2-)
A‘-\c"“\ss(o(am un\T.ni - u(x,0) - 1(‘L><)= ?;4 Ba s %x) md By E—J:F“) -S(‘m("—:')dx
Hawet: De linke 6%@3 W(dcrsp\'eﬂa% e Fousier Ralle giner 2L Wx,uasan&m
Fookden . Wenn e afse feo woaesede ) U - cowesbarn lonnea wie Ba dls
oeQrienks de epuedeslon Fonbien bealinseen

cveyd

. Die G|L|'C(Aurﬂ&s\./d"€— wic it Bsp.A  beshmmt haben ksaoer ale S.s\a—ce,“c R 3 L

Qe w&m%w un?\ vecwendd edea y (\aﬂ(s gde e i‘acﬁw' Ron &be&‘m\ooo\bk kaifzzn .
\ \ \

‘ < RVTCAI(IE
Fis etae AD-D&Mgkicfmn% s Forn e = Fdex vrd dea ‘&@S‘MM‘W x€[0, LJ:{::(*,G)ﬂLE(&) ’

Def. | finden et ene ollgpmire. saon: us€) = 2, (B <) anf) ik €0
feo- ZBam@Es  Be T [Fosn{ T

. (A)icw‘ia/ 2a beodden, dass  wir ber anderen Mbﬁd\ait\‘ja awdh 2o acdere amsmeinz.
r{o'w? ashollben, . Cive ‘w'u@:jc ardece (ocionte weldhe e ax CLuP des  Casauptanfarsuny foaet:

g - °I€)= Y Ll'é):
ur etae AD-Lanugaciun oA (¢ =€ Yex U | oo x€/O, L | fim;: ) |
F AD - (Darmesfeich 3&,&‘ 4 @M‘&?/Q&&M‘W €6, L] . é

M, g‘«a‘a\ I ane o((tjz,mziﬂe Losuoq : u(x€) = Z(%ﬂ; L-%t{’)“” (2-) ) nit 1'\'::%
Loae Zhies@e)  Av-E[feoe (g 4 =4[ oo
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]
CUTW e 3
'
2.Q1 [15 Poiuts} Heat Equation with inhomogeneous boundary conditions
Find the general solution of the Heat equation {with inhomogeneous boundary conditions)

Q) wh- e “\—Jf;x W (x)= &u/‘

for the following problem:

e = gy, 0<r<mi>0. 5;»(0);/5 = .s
u(0.t) = 5, t >0,
(1 t t=0
u(m,t) =8, >0, @ & -
= = > = 3l
w(r.0) = f(z) +w(x), 0<r<n, “’(") ax+5S =TS0 T X
=

where w is the funetion that you have to find in point a) and f is given by

2 —
W)= —X+3S
€ :U,:}, ( 3 3

2 if a
f(z)= . s
{“ g b) v(08) = w(ok)w () =35-5 = ¢
You must proceed as follows,
X R ,- vy y =5, and w(w) = 8. \/(J’(,‘) = u(x,é) —w("_) = 8 - 8 =O

a) Find the unique function w = w(x) with w” =0, w(0) =5, s

b) Define v(r, t) := u(x.t) — w(z). Formulate the corresponding problem for v, equivalent to (1).

¢) Find, using the formula from the seript, the solution v(r.t) of the problem you have just v 6(,0)‘: u(xlo) -—CJ()() - fk)+ L\?G()’W(,’() :{&)

formulated.

d) Write down explicitly the solution u(z.t) of the original problem (1).

/L7 (L)‘t{A.C)OQS\ d\w w D&co\a»\(f ,.(OJ&S‘ 0‘(1(_ %@Mﬂuﬂ? »\0!4052). u)m \,L('\d/ da L\)“ =0 ¢ 25‘5]“
sid\, Dedn wic die PDE ja @ niitt, Wic koanen day Problem ,Ar v d&ﬂmr@. aJs‘

Indoting
3.6 Warmeleitungsgleichung (Heat equation)

3.6.1 Vorgehen 1:

z
Ve = ¢ Vi ngg?(/£20
mit Po"dbﬂdlungu"ge'\ u(0, 1) w(L,t) = 0 und

Sel uy = Pu,
v} (O/ é) = O 'é' 2 G wlx,0) = f(z) Quf = € [0. £]. Via FourierReihe ethalten wir die Losung

u(zt) = Zn” m‘T-)

v(ixt) = o {20 B e . o (Dt
U(K/ 0> _ -F(K) G¢xeXx . Manchmal st , auch Gber Koeffzientenverglelch bestimmbarl f
Q) uix,€) = é: Boe ™ sio (an)
\C(v) - v(x,0) = hzf B sin (nx)
B s Qi Fmdcrlcoeﬁﬂfzm a0 Foch‘Lug von f um eioe 2u-periodisthe /ur\azm&b
Fonlhea zu san
b 8, "[ ]f(x) st(ox) dx = %f;xxz' sm(n<)4x=;L - s

(2- %) -cslor) -2 2- (2Ca"2) — 2 oo ()" At 2 CT

T x 0% i sn sn® T et ~

125 - @s(ox) + 2 ok s (ax) '

LA -D 22 A" 2L
V("/{) < xn® T ) ¢ Sh(ﬂ)()

o\) (Z&C/qubsﬁw'o'v
wi, £)=vxd) twx) = z

A

LA 2t _ &2l
< xn® T Iao )'(. Sh(())()ﬁ'%x-"s
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6 -Gles
Wir kaooen die AD wrne"\\d&m\% ™ bclfebxu Dinensonen. erweitern Mt don  Lodlace ORonr a-v*

(Dﬁ;g:‘ We = CA“ Vl /{D AW = (yx 20 au = Uxx"’()y)« SD &U\—-Uxx“llyy +Uzz

Wir betrodder  oft istcoa),,gm(.c' Situadicnen | by wddeen dic Tmmnfuwkiuz e ETm"ierw e ued TQSIM
W}M“% oo der Zet b (us u(‘),) Die. skobionace &)ormduéurz (ue-0) fasst side =zur &)3@0004% Losloce - Gv‘a&wng
vereitfadaen .

DQ;F at = O Uiele_ @ys(kaﬂisdu, Prodeane Icr(;t\n&l, Mo(?kwa:!’m ole /c\p(acc Hesd GQ%«(;&S( wetdes,
Wir &zpnie.(“e.n, e ?ejo«. ¥ '(MQ weldus  die Aa?(a@a'@a;d&una 3|U . Beivldgueise Kmle diese QeS('om i D el bSJ
) L0 e Qedibek oQus (v AD wn Slob seh .

Un eine spezifisdee /gsunD 2u finden, Qelivecen wic Paq&be&iosunjx/\,. (Wir hoben eice Ahpbmjswgruxc% voqen da die G'e.'\ctuaa
'\\0\ Zé{unaugnéﬁs(.

Typtsh— keleq, o Randbd}nj;zbn, sods ~Dicidulet Bouhducf Conditions : Q&;Sf:o\sc.&o\, w(r wie die Toddion u estlong, weer
oussie

* Deuman ‘Bourdbfy Gndbors : brr(b'%bm wr u»c die ﬁbferh:rl\ von i

wee Rood ousselien
2.6. A Diridilet -Rroem auf einere Reckdeck
Das Dicidhles - Rroblem besdh redt eine. shakionare Twa&wwmg troer ceddeckin Pale Af dui Seiten der Pk o dic
Rondberperabus O und  enlorg dec vesn &l e durck 09 besdhriebes. . hablowak ighe  kann wan dlas fedlialéer ofs:

6.5 Superposition eines Dirichlet Problem
Au - O O 5 X éq/ OS y sb ulx.b}=0 u(x,b)=L(x,
C 2 (A)ir — 1 c L) T(—Bh‘,_ P
DQ . \)\(0/7) = u(a,y): (,((X/O)s (6) 57 V=0 E. x Viu=o g
Eadfx&zhsuvau, s :
uCX/ b) = p(X\ U(x,0) =h,(x) x01=0
' ) =0 @ ul
X V s (C) Lo ).
Sedet haben ooir aber vt ot die @aodbeoﬁ(:juoj v B oo B
\A(O//) = u(°'7)= 1)~ O SOQO&‘CJ‘(I/ 2 0e A jetmre/‘czjb :E(({. u(x.0)=0 T Uk 0)-0
uls, b) = P(x) u . - N Lésung far A
aOy)e aip) v U desen. Fll 7o Iosen, konger e = 3 A PO
Tall wla, )™ 2 0) , e
wlx, ) f <) wiC \S&u)ej(g ale faodes bis auf en o = e [, B
W (x l>> = (xJ Lésung for B:
' i Ecmc‘ auﬁ A(J/ gczm_ b\nd dane o.”& a Wq S o ain(™ s
BGSI&FZ//[L addiera, Br = ngazmy J, fa(o)sin( " s
Lésung far C
=37  Cusinh :
Losung far D
al _\_: § Dy, sinh(

Losung fr A+B+C+D=(")
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5. (6+4 Points) Consider the system
) @) Se(pqro(abL dec Uociobeln: 1(xy)=Fed-Gily)

Uy + Uy =0 O<z,y<nm
['ﬁ‘j“‘}"‘, - B i Us= F'C- G p) gy =F10-Glly)
ulx, ) _‘-, ., ki t Erectzan
ule.7) = 3sin(2x). 0<z <. LLA““’E
a) Find the general solution u(z,t) of 2 F-‘LY) ’G(y) + :F_Q() —Gl(,(y> = G
0 Y U u
(0 0 (m.y). 0O i == —GL =k
0 0, F G'I 6() o
via a separation of variables argument (please show the details) Ew&bﬂd"ﬂalh“\jm : U(O,Y) r u("/y) = O # # F(d R")’O
b) Find the solution of L—7 {‘Fﬂ=k1’—
;u‘li_;; “,i‘_‘(l — -m T.y). 0 j;"‘ ‘:. : F(o) = ?(x)
u(z,0) =0, 0Lz <w k:o . F'{ 0 OD% Fé)- Ax “‘@
ulx.m) = 3sin(2r), 0<zr £, a‘u‘\uam

?mc\bdu‘nsmﬁu- Flo)~- B-0 Tlx)=As = © = A-0

b 16) =6 = ukid)-6 (ﬁ‘;’ﬁ%)

oDE
(50, T okF 0 D Fupe AT g
o fredla, ;
Q‘*“"bw‘f‘ﬂyﬁw FO) A+B=0 AR ()= 4 —2T"%) _ 2k -0
“-0 - = atro (4y)

k<O Fl 4+l Fo0  FO)= das (i) « Estalfii)-
e
Roadbedinauaaea : F(O)= A - O F(=) = Bsin (-ﬂ_/(x)-
‘GAGZ _| L &QIV\'GJL)
B.0 =7 ul«ut)-0 loscms

L? S\‘ﬂ(—-}{Ux) -0 .7{“’)}//(\)1/0 = -1
= Fu=A salon)

'3

f'\i"‘l orc I —a
Z“J{.QL—»L (6)) N G” T I\:L G’ =0 kﬂ——jﬁ?&' GL(\/) :CL c 7—-{ D‘_ < 7
G\ (O) b ocfpeiontian

MM‘D:W., 6(0)=Co+ D=0 5 Gu= =Dy = G () =Cale™- £™)- 26 sithly) ~CFsrily)
U = L x)- G.\Ly) =hosialay) -CL S(\Lt(ny) B siunx): SﬂjA(ny)

S’M}Zx&éfow?ﬁ(\zi;\) w(x, y) Z 3«S|<L(nx) Uk(ny)

b) a(x, %) —Zﬁ,\sla(o)() smlt.(nx) 3sia(2«)

—'1 B, S’(ﬁ(x) Sl(\,k(‘p),,. Ls«n(Zx slq/t(Zx) = 3 so (2x) loem’z{aoJmue{%va

—d

>
b oo ) B0 =rst,

wlxy)= m sin(22) -snk(2))
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3.+ /D (A)&mek&éw\?q(ddkunq von ¢ines unendliches. Stange

J J J
Wir scouen wns szﬁ oL, W man die meoturvu-éotuaa wcloeaw unendlide larjex, eindimensnaler Sfcmjc bestimd. (ir beochadden

die anldkunj‘el‘dwj adf gz R .Das bedeutet, dass wir keine ?oﬂAbao\mjunJm hoben. lirhaben aer eite An\(onasmébcauﬁma.
Ulhersolisde komen wir eg ow?fmsmalc:

Wir konnen dieses Problesr duede ,Q/J@oﬂc zwes fosafze loses
Def. {ue = CUxx

u(x,6)= £¢&) | A. Fourier lnte
L. Foures ’rl‘ans(ém
Wir echalber Mt bl !!eﬂwdd\, %eno\e /,Sls,u-a,

Deg. U(le)=i" ff\(\r)'a-ézc;)m) dv

Zedxd! V.

3.2.A Fouciec lngar_gl lc'm%
Durdn &le{jot\. erhalten wic die azmvdle Form -

uxt) = £ BLP) ws(p) + BE-sn(pr)] &P dp . A = % f T s (o) o
Def. J o L
RN [ 6) ws6x) + BGY s (o) o= £6) B = 4 [ firesey do

Formel: \A(x:f)‘f B@ «s(p) + BE)-sn(px)] -« <P dp
@ Besechne 46) nod B
+ Schave ob f(x) 3 < /uﬁj_mo\v.: ]['(—)Q =4[\(,<)9 _F(X) iS('JZSQ&e.

—A T -0 vizA A A 2 M
"(P)—x I‘h -P(V) ~Cos(pv) dcx L ;j;v-ccs(fm) dv = ;fo\/-cos(‘w) dv =

L T =24« A AT 7
°—?j°sm.(1>v) AJJ x Lp SIN(P)+ ;2 CN(PV)’OJ it P9 LP S((\.(?) Tf:—zCDS(‘P)— %‘J

B(‘P)=0 }&Q p(u) 3@5‘0.0‘4

= % [?1 sie(pv)

@) SwparFosiG'or\.
5 ) B b [ Tt i £]- - £V

3.7.2 Fourier Transform [t':'euga‘
Die F&kar ﬁ‘ows{cquAb(\ dies /c&ma it Sﬁeﬁa‘\ &urook.,

Del | dot)-fer- €% wed-F" {f@;“““}(«)

bo@dia: Die. Fouries Tmos](&ma{b:\, ik in diesem Kontexh iumer (o bezuz cukF x
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en des er Tr. tion
Wi tein Loplace Tracsforn ldanen wir goisse EJMJ«»M Verwanden ) g 'Radt.:\m\ju\, au  vereinfoden.
< Lineositak F’{u foof 3cx)] s o 'F{fogj , ﬂ}‘&u)]
+ x-shilh s FlReeafe ' Flf oo
ol T (ama) = FL )

fom
hkkoga i S SO < Fl  FPOJe P
Auu{un&zn. it Feo[u(nzbe.rm : 4 .F(w) =( ’F{x-fcx)J(u>
Fauuoa, (COI\UOMMS) : F—{(’*j’g: «J;’j :F{(\j . ,{,{j] w‘;,_%f,,‘_,_e-

3.Q1 [10 Points] PDE with Fourier transform ]

Solve the following partial differential equation on an infinite bar:

{-J,l'.r'..f] =L (o t)Fule,t), reR, t=0
1,2

o, 0) = xe 37, rel

via the Fourier transforin with respect to . You must simplify your solution as much as possible,
no unsolved integrals.
Hints: You can proceed as follow:

« First, transform the partial differential equation into a ditferential equation in tiie £ using the R e ;
Fourier transform. Use that, for a = 0, =
, . (p
}_l.""nnl JII“": = (2a)® 2"
= Solve the solution of this ODE.
« Finally. take the inverse Fourier transform to find the solution wie, #). Use that, for b = 0,
1 —be®N o 1 L
F (e ) () 20 S . \
. —_
- Foucies Trondotmakion. dos PDE beslinmen :
® f—(ut(xr{:)) = 3: (1‘2‘ Usex (X/{)) + f( A (x,‘é))
A A A
de ,€) ;—é—w?' alw,€) + A wé) j|
R U %z -t
F(uLX,G))=u(\,o,0)=J:(x-c )=_3/ < F o —lw-<
7 A an~n N 2 (2 i) =
l._ = - —Z—UQ W+
>

A (O'DE {'&'r G 'Ba?(}j au.P <L)

= (Cawea)de |

Al = ’g'wii—A)£ D(es)

N T g e R oA i b

Q(w, ©) = C(u) = -,‘w,e-'%v}

0 (o €) = —ins- o 29 JCE At 452(A+ %) "

e Die laverse Foucies Trnngﬁarnwécoe\, bealimm en : we
42(A+ ) A
u(x,é)_ F-/‘{( (w,e)j F ( lwe 4.) = e f ( 1w 2 )

4«'«5 < x*
- eé . 7( Z— 1% = < *- Q"Z(/l*’")

@- _A}f e G 6"
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Wir kooea PDEs fose, indem xe die je.mm‘e PPE inlklusive der An&«:j.sbcoﬁw Fousier tronsformieray . In der Freg uenzdovone
. ’

o wic eine ODE, weldier wir mit Analysis Z fosen konnen, . Die. konstank. lassh siok st des quvasﬁalgmz, beatirmaer ued durd
efe |&W3T\:qqaﬁrmaﬁn erhallen o die JQud/el-c Funkhon

3.8 Dicidulef-Prbles aull spmmcieisdher Gebick
Wic woll: die Loploce Glucﬂwn o ciner Urisschabe Aosen  anshalt aud dest Recdddeck. Pieran verwenden wir Polarkoordin afen

De.P. {X:rco&ﬁ { (x+yl)/

y=rsnd

= Qrc{’oﬂ' x

Das Dicichlet Probles wvird n  Polarkoordinaten wie #;I‘Jl,umaudmm

Koslesigdue. Kosrdin

w=[

’De_g { Uwx + uxyy = O QH,#{LK/}‘)J‘SOM X2+)’2<RJ %\\

Uhee + 'A?r.uos | ur% -0 auﬂ {(f‘,é),Sodaﬂ ferce 056<2»(J

«(R0) - [(& ad {€6) 36 das ©<6 <2n
Die Aosuo%/ Adieser POE  Jasst  side cude wd &Famﬂiol\- des Voriabele  herledor

04 {(x,y) S0 dos x2+y2: RJ

"_W‘ diec [apl.nca Glockurp( au=0 aup&er a\gthlo:knu\. Keeisschebe D md der Qntdbedmaunx u(®8)= F(e) echalfen wir:
w(r, 8)= A+ f e (Ax cos (08)+ B, g0 (46))

* Far obe Koe[lzienten S\U’- w(R,8)= A.*Z?(A«cu(a&) +B,sin(06))

DcF. - Sonst kom\; moa die F-Wﬂu-kbcmzicn'(’ﬁ—t\, des Zx-Pu-ioo\'sJ.M, Fortseteans,  von (‘(e) vad 'cowr‘msie.\" R der Formed
_A T A= 2

b= 4 j onap he A [ cosopdb b [“Pujsn (o iy

= Pofsso'\.-'nj(‘zaml—ﬁrnt u(r,6)=2'};' f:‘K(r,ﬁ;K,?) fwap wt ke "f)

P
T RE 2 lese- <
I‘-!Af die [aplace Glud\u(p( au=0 uupclar esdossepen  Keisschebe D md daQanAbdmaurx of®,8) 10(0) echallen wir

wle @)= A e 2 o (A con (+8)+B, i (06)
Dl | Far e Koe[Jizienden 3\Lb 6 @)= E e (haesslad) ~Bysin(o6))

+ Soost koon moa die Fousier - kcx.ﬂlm.nkt\- J¢2x-?¢neo\acl¢n. Forl:sg{zw‘a von (‘(9) vod komlmsw.r( R0 der Formel:
Ao sidet acluer beskimmber b= = f‘ f@)-costog) dp By ‘—— f F@)sin(ad) 44

FO\‘MC‘: al(r8)= ;: ™ (Ax cos(06) + Busialo 9))

u. (4 ,G\ = go n ))/{(AA, cos(n€) + Basa (1\6)) = cos(28) + 3sin (Sé)
o 2 a o
ww‘mﬂbcj& u, (40)= K calf) + Kﬂl\(e) + 2&,’@‘(26) + 23:_&1‘(26) + 3){: cod28) + BB3en(30) < cou(20) +3 s (36)
C =0 cek A a=3 :
AL= /f Bn.=

S n-2 ©  sonst
O

sonst

u(,©) = ‘;‘&cc»(_Ze) +*sne)+ <
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Bsy.

Beshe. de sl loncloke Loyt posdssmmb(brbrpichn (<0 )0+ D-{(xy) R*| X" ry™ < def
e de Teuperabic auf do fand Aede ulop) =x-y qercben ik
Do de Loma zeitde kondo s Ut 0= 0
csu=o adl D
E“(*fr)“/ ouf 3D
@ In Polockssedinaden avscheeber
&5 {un+£_u“+§ur=0 auf) {(r,é) :Oér<4,0£6s21}
(4,8) = A6 cossind {(Q, 6) : 0< 6 <)
@ Koeffrzientes bevefioer: A\\ Lsug | W59 = 3. (ks (6) +Be sin(s6))
Rnn&be&naura u(4,0) = z ‘l (kr ca(o®) +&m(ns)) - 16 as(e)sn (6) B 8 snge)
IZOe_(Z(L.wémwﬁaa 0(4,0) = /+ 4" Bysin(8)+,/ = Ss0Re) By 4

6 B i

= El(\SckZ-QL in Q“SCM&&\& F-O('Md u((,6)= Fz-é 'S(OQQ)

29} Ao Faolh

D

TDI.L F&nl&(‘onca, ,o!(c. dre KO«P(Q& G‘ud&.una ou=0 wa‘uﬂ*’\/ wesden  Warmonische Funtlionen jmcm&.mr alle harmonedesq SCRM

wl'dd'\'a,'- E—'atasaxoqféw — Cue de aﬂje.m.m /ow'ﬂz 2u kenoen, kamn mon becerts Aassaam ubes Specce Wecte  der
loeuoasfunkﬁhw\. rochen. —

33.4A Maximum.s:pm‘uzfp

Def.

Rep®

Fic hormonigdee  Funkdisnen a:lf- Shizze:
— Moximom & Unimum befinden Qde imrer oufl den Rood $S %

— Dk in e des BGebiets S niwd wine harvonsde Fuoklionen e ir Moun oder Mosimum o, ousser s ik konsboot

1.MC8 [3 Points] Let u = u(z,y) be a harmonic function in Dj the disk of radius 2 centred at 0.
The maximum value of u is at ( = (v/2, —\/_ i.e. maxp, u(z,y) = ul \/_ —\/_

Which of the following statements is true?

(A) u is not constant in Ds.
(B) u is constant in Ds.
) There exists another point (z’,4’) in Dy such that u(z,y) = u(z’, v/).
@ We cannot conclude that (A), (B) and (C) are true for every w.
e Yomnge Finkanca. g0k &%ﬂ
— Movinum £ Moinin. befinden i iswar o dea. Rond 35
— Dk in Innern des Gebiels S nwd e hanonide Fookiomn e ftr Mo odes Mo on,suser s ht konctont.

-2 Maxiuum C!DQA f,ay on l’,&c bcum&ow/ op- DZ l;¢nco, we. QQQ('(' cent‘.‘.u&a. aﬁywna ol'm/éu.
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1.MCS8 [3 Points] Let u(r,y) = e~ (@=D*+(=D*  The maximum value of u in the disk of radius 4
centred at 0, denoted by Dy, is at the point (x,y) = (1,1). That is

“BLX u(x,y) = u(l,1).

Which of the following statements is true?

) u is constant in Dy.

(B
(
(D) We cannot conclude that (A), (B) and (C) are true.

(A)) u is not constant in Dy.
C)

The minimum of u is at the point (x,y) = (—1,—1)

(- -

- (k(x/y =< ~ maxivun q,@ (/(M) ad erCPZC(M Wl faesre wlﬂj X[ of /)'}

Lou s (cot constent i Dy and de whimus & Ue bodu of oo clik.

W wedd be cmcto!\(— u@ U+ Uy -0 or Q@ eé()u.r u)oron qu w5 haﬁwm'c'l,ul-,
o = (-0 sy 2 Ler) & CMTO
uﬂ - —((K-A)2+C\/-A))l)2 (7-/1) {,'(G(-A) «—(y_A)LJ

’(G( -A )Z" (y-")l'

= Wartyy= ~((-D24igA)Y 2 < N (enp-2) 20

Bei W asne hackornishe Faokbion ouf dew Gebick S. Sei (xo,5s) 20 L,.ﬂ.'cb.s« Puskt im Gebiet in S wnd sei
acR der Rodius hoer Kretsdwhe ik doe Mblelpunkt pcldres  fompld i S eathabien isé:  Shizze:
=>Than it oude 2ine ,(&ma des Diciduet ~Problen ( Kreissdreshe ) S
[Au 0 af {(r6)0srca , 0s8 SZK_]
a=uloe) ad i(rlg); r=a osécz:\j

Die /.c"sunz o Lonmen wic it dew Polsu-'qlearnl bealimaren: u(r,6)=z-’i',2’l‘<(r,6,a,(f) w(oyp) Ar

. 4
Wean wir )&z} Aen Wesk wn o o des Stlle (L,yo) beseduren wollen, koonen wie  (%o,10) i Polorlcoordinafen. dorskelfen.,
fiesoet wird =8 und 6 ko bdfdolg sm/»ll wesdan., Went wic died pon ns Pm'ma,-ldcaml eoschoe | krfuser\ wir:

2% 2 2
alios o) = 0(00)= & ["kOmpalag)n A= wta) dye 2 [ pag

at-20-¢ ~<m(o-r)’o¢

Eie harmonisde Thnkkonen &t aa JA««. lx-\icbix«, Pl (x.,y.) 3‘&&&, den koot o jeden \::ﬂfhaor Kres um

dieaen. Puskt
rDQp L™ A (= Skizte alorge)= Uitldwest-von, ol Puntben axue Jicten Veess
u()@IVO) = 0(016)’- by Jou(d,?)= 7 I IA(X.#-‘(AS‘?, y°4- asm?)dr
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* Fuc OPE's kann mon die Eham!‘jl.z;{ und. Existeny &rlé'su.j-.. ened Wwobkns, Sowie e Akuj&llut &rﬁda'\asbdtjqum bevesen
e Foe PDE's de'do; n &wﬁz}l wdd gnfode. Wit untersdieiden zuicdien wz“—inm\ vwd l-pesed

W“'F‘*RA : A) Existenz : Dos Problen hod efne 1&003,
Def. 2) Enndebigheit: Die A’:’su«a ist siodeuky

E)Slabifal : D hosury 6k von. hforaghedingug. € Roodbedigurgn. oldongy
("’12:3:(9: Tals s dlesec Mtﬁuﬂa ndd z‘:‘-‘ua wtrd

JO. -

Wi keben oo spezifishes Deanann- Probless:
ou=0 ad
{%‘;«% ad R
ot kdon alse aine an%:.amsaa b:.mﬁ\iel-. o Asz Senkredt T Cond. Wir sdhautn uns diesed Beispid ap wm
fie ‘oel-pose dness” der PE's zu  uefersuchen .
Def. Un 2ioe 2'0«\3(51&(. Be&\vawa, za fiodan i&sn‘o'e& wic di kaedio:swb bk Sde e Bauss:

BC Gaus [\ ~
J"“S = f.ﬁ’ LA = fz(‘)ll)(vu) =f24u-0

R N

De w 2ine ngunz des foplace (;Ju&mz ot o g0 3&«\. Deswalb wuss dle 12004‘,,,)1,\3“,,3 “3‘“’” Ketkertun
exfllen [, g0
Dos Deumanr —Problen st l'/l‘ihko\ 70,{ J;P \4.0

A\

1.MC9 (3 Points] Consider the Neumann problem for the following PDE,

Vig = f, in Dy,
ji:: =4, on r)JUg

with Dy the disk of radius 2 centred at 0 and f and g are two given functions such that
(z) de = 2, and f (z) do = 2.
/ Dy fia) 8D, 9
Which of the following is true:

(A) There are infinitely many solutions.
(B) There is no solution.
(C) There are two solutions.

(D)) We cannot conclude that (A), (B), or (C) are true.
(v ee z«u«»&c&. Bcdhaqa, 2o fiodan inksotm wic die Mkdicjmb umbt Gade o Bauss:
Bc Onus =2 == ;
J"“S = L w o[ yo-n = fzo\b(vu) =fg au = 2=2 = (Ve can't cslude QO/GA)\K

R N 113
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1.MC9 [3 Points] Consider the Dirichlet problem for the Laplace equation,

R={(z,y) eR?|0<z<1, 0<y<2}

Au =0,

u(0,y) = u(l,y) =0,

u(x,0)

where f is a continuous function.

(A) There are infinitely many solutions.

(B) We cannot say anything.

(C) There is a unique solution.

(D) There is no solution.

We wave feack ol Legr a0t  ao uc\f’ol% solubion, Fsr e Ore-Prdglem o F(doﬂjlo.
Taqt‘cvc bk we oo uniques sduwhor | assume et 0,0, are Bubins b Lo Loglace q_(ralfﬁm, :

AV"U«"UL =O

(z,y) € R,
0<y<2,
0, 0<z<1,
f(x) 0551,

v(ery) - ki(09)- w(ay) = O

V(’(«z

V(A= u (Ay) = &, (A
(;)= uk(x,;.)~uz 4

)- 0
)= Lo -fe-o

L) U‘O :7 U= U,_

3./4 PDE's an ﬂ‘dﬁunqm

Exam Classificatio 1D Wave 1D Heat Laplace
n
W 17 D'Alembert, Fourier Series Solution Rectangle via Sep. of Variables
S 17 D'Alembert Sep. of Variables Rectangle w. inhom. BCs
W 18 X D'Alembert Infinite Bar via general solution Rectangle via Sep. of Variables
S18 D'Alembert Infinite Bar via Fourier Int.,
inhom. BCs
W 19 D'Alembert, Inhom. BCs Sep. of Variables Max. Principle
S19 X D'Alembert, Sep. of Variables Infinite Bar via Fourier Transform | Mean Value, Max. Principle
W 20 X D'Alembert Sep. of Variables Mean Value, Max. Principle
S 20 D'Alembert Sep. of Variables
W 21 X D'Alembert, Fourier Series Solution Rectangle
S21 D'Alembert, Sep. of Variables, Fourier
Series Solution
W 22 X D'Alembert Inhom. BCs, Fourier Transform (different PDE)
S22 D'Alembert, Inhom. BCs Sep. of Variables
W 23 X D'Alembert, Fourier Series Solution Sep. of Variables Well-posed/lll-posed, Max. Principle
S 23 X D'Alembert, Fourier Series Solution Sep. of Variables Well-posed/lll-posed, Max. Principle
W 24 X D'Alembert, Fourier Transform (PDE) Sep. of Variables Well-posed/lll-posed, Max. Principle
S24 X D'Alembert, inhom. BCs Well-posed/lll-posed, Max. Principle

, Rectangle
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